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Abstract 

We describe properties of the nonstandard g-deformation C/^(so„) of the uni- 
versal enveloping algebra C/(so„) of the Lie algebra so„ which does not coincide 
with the Drinfeld-Jimbo quantum algebra f7q(so„). Irreducible representations 
of this algebras for q a root of unity = 1 are given. These representations 
act on p^-dimensional linear space (where is a number of positive roots of 
the Lie algebra so„) and are given by r = dimso^i complex parameters. 



We consider a g-deformation f/^(so„) of the universal enveloping algebra f/(so„) of 
the Lie algebra so„ which does not coincide with the Drinfeld-Jimbo quantum algebra 
Uq{sOn)- The algebra [/g(so„) is constructed without using the Cartan subalgebra and 
roots. This algebra has no root elements. 

The Drinfeld-Jimbo algebra f/g(so„) is obtained by deforming Serre's relations 
for generating elements Ei,---,Ei, Fi,---,Fi, Hi,---,Hi of f/q(so„). In order to 
obtain [/g(so„) we have to take determining relations for the generating elements J21, 
-^32, ■ ■ ■ , In,n-i of t/g(so„) (they do not coincide with Ej, Fj, Hj) and to deform these 
relations. The elements I21, I32, ■ ■ ■ , In,n-i belong to the basis Jjj, i > j, of the Lie 
algebra so^. The matries lij, i > j, are defined as lij = Eij — Eji, where Eij is 
the matrix with entries {Eij)rs = SirSjs- The universal enveloping algebra f/(so„) is 
generated by a part of the basis elements lij, i > j, namely, by the elements J21, 
-^32; ■ ■ ■ ; In,n-i- Thcsc elemcuts satisfy the relations 



li^i-Jjj-i - Ijj-Ji^i-i = for |i - j| > 1. 

Theorem 1. The universal enveloping algebra [/(so„) is isomorphic to the complex 
associative algebra (with a unit element) generated by the elements I21, I32, ■ ■ ■ , In,n-i 
satisfying the above relations. 

We make the g-deformation of these relations by 2 ^ [2] := (g^ — Q^'^)/ (q — Q^^) = 
q + q"^. As a result, we obtain the complex associative algebra generated by elements 
hi, Iz2-i • • • , In,n-i satisfying the relations 

~ + ? '^)h,i-lh+\,ih,i-l + = 

- = for \i- j\> 1. 

This algebra was introduce by us in [1] and is denoted by ?7^(so„). There are the 
following motivations for studying this algebra and its representations: 

1. The algebra of observables in 2+1 quantum gravity is isomorphic to the algebra 
U'q{sOn) or to its quotient algebra [2, 3]. 

2. A quantum analogue of the Riemannian symmetric space SU{n)/ SO{n) is 
constructed by means of the algebra C/^(so„) (see [4]). 

3. A g-analogue of the theory of harmonic polynomials (g-harmonic polynomials 
on quantum vector space C^) is constructed by using the algebra C/g(so„) (see [5]). 

In f/^(so„) we can determine [6] elements analogous to the matrices /j^, i > j, of 
the Lie algebra so„. In order to give them we use the notation Ik,k-i = ^kk-i = ^kk-i- 
Then for A; > / + 1 we define recursively 

^ki '■— [Il+l,h h,l+l\q±^ = Q"^^^^ Il+l,lh,l+l — (f^^'^lk,l+lll+l,l- 

(Note that similar sets of elements of [/^(so„) are also introduced in [5]). The elements 
I^i, k > I, satisfy the commutation relations 

[-^in> ^kl\q — ^kni [^kli ^k'n\q — ^Vni [^km ^Vn\q — ^kl ^r k > I > U, 

[I^i, I^^] — for k > I > n > r and k > n > r > I, 

Vtu InAq = (9 - (I'^Wh-lL - Il-Inl) for k > U > I > T. 

For I^i^i k > I, the commutation relations are obtained by replacing by and q 
by q-^. 

Using the diamond lemma (see, for example. Chapter 4 in [7]), N. lorgov proved 
the Poincare-Birkhoff-Witt theorem for the algebra C/^(so„) (the proof will be pub- 
hshed) : 



Theorem 2. The elements iti"''' itr'' it^'^ ■ ■ ■ Ini"""' ■ ■ ■ In,n-i"'"'"'\ mj = 0, 1, 2, 
• ■ •, form a basis of the algebra [/^(so„). This assertion is true if are replaced by 
the corresponding elements I~y 

The algebra C/g(so„) can be embedded into the Drinfeld-Jimbo quantum algebra 
Uq{s\n). This quantum algebra is generated by the elements Ei, Fi, Kf^ — q^^\ 

1 — 1,2, ■ ■ ■ ,n — 1. Let us introduce the elements 

ijj.i = Fj_i - qq-^^''Ej_i, j = 2, 3, ■ • ■ , n. 

Theorem 3. The homomorphism (p : C/^(so„) Uq{sln) uniquely determined by the 
relations if{Ii+i^i) — h+i^i, i — 1, - • • ,n — l, is an isomorphism of [/^(so„) to [/^(sl^). 

That the mapping ip : f/g(so„) — > ^^^(sl^) is a homomorphism is proved in [4]. In 
[5] the authors state that it is an isomorphism and say that it can be proved by means 
of the diamond lemma. However, we could not restore their proof and found another 
proof. It use the above Poincare-Birkhoff-Witt theorem for the algebra C/^(so„). 
Namely, we use the explicit expressions for the elements lij e C/q(so„) in terms of the 
elements of the L-functionals of the quantum algebra [/q(sl„) from Subsec. 8.5.2 in [7]. 
Then we take any linear combination a of the basis elements of f/^(so„) from Theorem 

2 and express each element I^j in a in terms of elements of t/q(sl„). In this way we 
obtain the element a expressed in term of elements of t/q(sl„). We consider it as a 
linear combination of basis elements of C/q(sl„) given by the Poincare-Birkhoff-Witt 
theorem for f/^(sl„). Next we show (by using the gradation of [/g(sl„) from Subsec. 
6.1.5 in [7]) that at least one coefficient in this linear combination is nonvanishing. 
This proves that ip is an isomorphism from f/^(so„) to t/g(sl„). 

Corollary. Let q he not a root of unity. Then 

(a) Finite dimensional irreducible representations of U^isOn) separate elements of 
this algebra. 

(b) The homomorphism %l) : (/^{sos) — > i/q(sl2) of the algebra [/^(soa) to the exten- 
tion Uq{s\2) of the quantum algebra Uq{s\2) (given in [8]) uniquely determined by the 
relations ipihi) — g-g-i {q^ ~ Q~^) ip{l32) — {E — F){q^ + q~^)~^ is injective. 

The assertion (a) follows from Theorem 3 and from the theorem on separation 
of elements of the algebra f/g(sl„) by its representations (see Subsec. 7.1.5 in [7]). 
In order to prove (b), we consider representations of [/^(sos) which arc obtained by 
the composition T o ip, where T are irreducible finite dimensional representations of 
C/g(sl2). It is shown in [8] that every irreducible finite dimensional representation can 
be obtained from this composition. Now the assertion (b) follows from (a). 

Now let us consider finite dimensional irreducible representations of the algebra 

Uq{sOn)- If q is not a root of unity, there exists two types of such representations: 
(a) representations of the classical type (at g — 1 they give the corresponding finite 
dimensional irreducible representations of the Lie algebra so„); (b) representations 



of the nonclassical type (they do not admit the hmit g — > 1 since in this point the 
representation operators are singular). These representations are described in [9]. 

We give irreducible representations of C/^(sOn) for q a root of unity. Using a de- 
scription of central elements of the algebra U'qisOn) for q a root of unity [10] it is proved 
that every irreducible representation of f/^(so„) in this case is finite dimensional. 

Let q^ = 1 and /c is a smallest positive integer with this property. We fix complex 
numbers mi^„, m2,n; ^{n/2},n (here {n/2} denotes integral part of n/2) and Cjj, /ijj, 
J = 2, 3, • • • , n — 1, i = 1, 2, • • • , {j/2} such that the differences hij — hgj and the sums 
hij + hsj are not integers. (Wc also suppose that /ip.2p+i are not half- integral.) The 
set of these numbers will be denoted by uj. Let \^ be a complex vector space with a 
basis labelled by the tableaux 

{Cn} = { \ = {m„,^„_i} = {m„,m„_i,^„_2}, (1) 

where the set of numbers m„ consists of {n/2} numbers mi „, m2,n; " " " , ni{n/2},n given 
above, and for each s = 2, 3, • • • , n — 1, nig is a set of numbers rrii^s, ' ' ' , '"^{s/2},s and 
each rrii^s runs independently the values /ij ^, /ij ^ + 1, • • • , hi^g + k — 1. Thus, dimT^ 
coincides with , where N is the number of positive roots of so„. It is convenient to 
use for the numbers m^^s the so-called /-coordinates 

/i,2p+l = "^i,2p+l + P- j + 1, lj,2p = mj^2p +P- j- (2) 

To the set of numbers uj there corresponds the irreducible finite dimensional rep- 
resentation of the algebra [/^(so„). The operator Ti^{l2p+i,2p) of the representation 
acts upon the basis elements, labelled by (1), by the formula 

7L(/2p+l,2p) Kn) = E '^J'^P qlj,2,^f^q-h,2r, ' (^"^^^ ~ S\2P^d7^^^^ ' ^^"^2^ ^ 

and the operator T^^{l2p,2p-i) of the representation T^^ acts as 

p-1 -l(Cn) 

Tu,{l2p,2p-l)\in) = X!9,2p-177^1 TTF, T \ iU)2p-l) 

j=l L^'j,2p-1 - -1-J L'j,2p-lJ 

- E C^2p-l .,, ^^-^^ "^^^-^^ \{iX2^_,) + iC2,_l(e„) lU, (4) 

j=l l^'i,2p-l - IJ [ii,2p-l - -LJ 

where numbers in square brackets mean g-numbers: [a] := (g" — q~°')/{q — q~^)- 
In these formulas, (^n)f'' means the tableau (1) in which j-th component in 
is replaced by ruj^s ± 1- If rrij^a + 1 = hj^s + k (resp. rrij^s ~ 1 = ^j,s 1); then we 



set rrij^s + 1 = hj^s (resp. rrij^s — 1 = hj^s + k — 1). The coefficients A2p, B^p^i, C2p-i 
in (3) and (4) are given by the expressions 

x_ / ni=l [^j,2p+l + ^j,2p] [^i,2p+l — ^j,2p— 1] nf=l [^i.2p-l + ^j,2p][A.2p-l— ^i.2p — 1]^ ^ 
^2pUnJ— - 



nf^j[^i,2p + ^j,2p][^i,2p - ^j,2p][^i,2p + ^j,2p + l][^i,2p " ^j,2p " 1] 



1 



5i-l(en) = 



nr=l^,2p + ^j,2p-l] [^j,2p — ^i,2p-l] nf=l [^i,2p-2 + ^j,2p-l] [^j,2p-2 — ^i,2p-l] 



^nf^j [^i,2p-l+^j,2p-l][^i,2p-l— ^j,2p-l][^i,2p-l+^i,2p-l — l][^i,2p-l— ^i,2p-l — 1]^ 
/-. (t\— ns=l[^s,2p] ns=l[^s,2p-2] 



ns=i [^s,2p-i] [^s,2p-i — 1] 

It is seen from (2) that C^p-xi^n) = if ra^^^p = ^p,2p = 0. 

The representations are given by r = dimso„ complex numbers. These rep- 
resentations do not exhaust all irreducible representations of C/^(so„) for q a root of 
unity. The other irreducible representations as well as a proof of the fact that the 
above formulas determine representations of C/q(so„) will be published. 
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